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Abstract In the present work, we intend to derive conditions characterizing globally
optimal solutions of quadratic 0-1 programming problems. By specializing the problem
of maximizing a convex quadratic function under linear constraints, we find explicit global
optimality conditions for quadratic 0-1 programming problems, including necessary and suf-
ficient conditions and some necessary conditions. We also present some global optimality
conditions for the problem of minimization of half-products.
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1 Introduction

Quadratic optimization problems cover a large spectrum of situations. They constitute an
important part in the field of optimization. These problems can be written as follows:

min f(x) = $x7 Qx + b x
s.t. x eC.

The constraints can be given by quadratic functions, linear functions or integers. Such prob-
lems have many diverse applications, see e.g.,[1,7,8,14,23]. Due to the importance of qua-
dratic 0-1 problems, various approaches for solving these problems have been developed,
see e.g., [9,13,20-22]. But tackling them from the global optimality and duality viewpoints
is not as yet at hand. However, some situations are well understood. When there is only one
quadratic constraint g(x) = lele + blTx < 0, J.J. More obtained the sufficient and
necessary condition of X being a global solution of (P) was that the KKT conditions held at x
and Q + Q1 was positive semidefinite, see [19]. This result has been explored by PENG-
Jiming and YUAN-Yaxiang for the case where (P) has two general quadratic inequality
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constraints in [24] in 1997. In [6], G. Danninger considered the concave quadratic problems
and reformulated a global optimality criterion into copositivity conditions. In 2001, by using
the term of ¢ — subdif ferentials of convex functions and & — normal directions, J.-B.
Hiriart-Urruty derived conditions characterizing a globally optimal solution for the problem
of maximizing a convex quadratic function under several convex quadratic constraints in
[11]. In 2000, with regard to the quadratic problems with binary constraints, A. Beck and
M. Teboulle established a sufficient and a necessary global optimality conditions, which are
expressed in a simple way in terms of the problem’s data. In the literature [15-18], some
global optimality conditions have been given recently.

In this paper, we pursue the goal of characterizing the global solutions of a quadratic opti-
mization problem. We emphasize nonconvex optimization problems presenting some specific
structures like quadratic 0-1 programming problems. There is a necessary and sufficient con-
dition for a feasible point to be a global maximizer of a convex quadratic function under
linear constraints. Through this work, we intend to derive conditions characterizing globally
optimal solutions in the problem of quadratic 0-1 programming problems. We find explicit
global optimality conditions of it, including necessary and sufficient conditions and some
necessary conditions. The necessary conditions can be checked rather easily and actually
implemented. It is interesting that some necessary conditions expressed here are given with
lower dimensions than the primal problem. We notice that there is some relations between
our results and the results in [2]. If we weaken the sufficient condition in [2], complemented
with another condition, the sufficient global optimality condition given by A. Beck and M.
Teboulle becomes a necessary and sufficient global optimality condition of quadratic 0-1
problem. Also the necessary condition in [2] can be modified as a necessary and sufficient
condition by combining with another condition which is mixed first and second order infor-
mation about the data.

This paper consists of five sections. Section one is an introduction. With some known
results, section two discusses global optimality conditions in maximizing a convex quadratic
function under linear constraints or box constraints. Some global optimality conditions of
quadratic 0-1 programming problems are given in section three. Section four discusses the
problem of minimization of half-products, which is a classical class quadratic 0-1 optimi-
zation problem. Furthermore, in section five, we try to reduce the dimensions in our global
optimality conditions and give some necessary conditions for quadratic 0-1 programming
which may be helpful to taken away some feasible points from the set of the global solu-
tions.

Throughout this paper, we will use the following notations and definitions. For a vector
x € R", the Euclidean norm (I, — norm) and I, — norm are denoted, respectively, by
x| := (Z?zl )51.2)1/2 and ||x|loo := maxi<j<nlx;|. Let {e;}7_, be the canonical basis of R",
and let the vector of all 1’s be denoted by e, i.e.,e = (1,..., DT. Also we denote A1 (-) as
the largest eigenvalue of a matrix and X, (-) as the smallest eigenvalue of it.

2 Quadratic programming with linear constraints

In this section, we consider the problem of maximizing the convex quadratic function under
linear constraints. This can be viewed as a particular case of the general situation where a
convex function is maximized over a convex set. Let f : R” — R be convex and let C
be a nonempty closed convex set in R"”. Two mathematical objects are useful in deriving
optimality conditions in the problem of maximizing f over C, refer to [10].
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Definition 2.1 For ¢ > 0, the ¢ — subdifferential of f at x, denoted as 9. f (¥), is the set
of d € R" satisfying f(x) > f(¥) +dT (x — %) — &, Vx € R".

Definition 2.2 For ¢ > 0, the ¢ — normal directions to C at x € C, denoted as N, (C, x), is
the set of d € R" satisfying d” (x — X) < e forall x € C.

The following general result characterizes a global maximizer x € C of f over C.

Theorem 2.3 [10] If f(x) is convex and C is a nonempty closed convex set, then x € C is
a global maximizer of f over C if and only if for all ¢ > 0,

0e f(X) C Ne(CL ).

Instead of using the rough definitions (2.1) (2.2), an alternate way of exploiting Theorem 2.3
is to go through the support functions of 9, f (x) and N (C, X).

Definition 2.4 The support function of 3, f (X), denoted as f/(X, -), is the so called &-direc-
tional derivative of f at x:

deR" fe/(f»d)=tin£f(i+td)t_f(f)+£.

Definition 2.5 The support function of N,(C, x), denoted as (I.), (%, -), is the so called
g-directional derivative of the indicator function /. at x:

deR" (Ic);(f,d):inf{§:t>0,)€+tdeC}.

So Theorem 2.3 can be reformulated by making use of above support functions.

Theorem 2.6 [11] Iff(x) is convex and C is a nonempty closed convex set in R", then x € C
is a global maximizer of f over C if and only if for all ¢ > 0

[ d) < (1) (%, d).

In [6] and [3], following quadratic minimization problem was discussed

(Pp) max f(x) = %xTQx +bTx
st. Ax <c,

where Q is a positive semidefinite matrix. For this special quadratic case, G. Danninger
proved Theorem 2.3 directly and reformulated the global optimality condition into coposi-
tivity conditions in [6]. Similarly, for the following quadratic programming problem

max f(x) = %xTQx +bTx

(P) st aijsbj,j:l,...,m,
aij=bj,j=m+1,...,s,
thefeasiblesetiscz{x:ajfxgbj,jz1,...,m;aij=b,»,j=m+1,...,s},andit

is a closed and convex set. For the convenience of following discussion, we reformulate G.
Danninger’s results for problem (P) here.
Forx € C andd € R", from [6] and [3], by Theorem 2.6, f/(x,d) < (Ic),(X, d) means

dT (0% +b) + 2ed” 0d < % forall & > 0, (1
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where
ty =sup{t >0:x+1td € C}
=sup{t>0:tade§bj—ajT)?,j=1,...,m;

ta/.Td:O,j:m—i—l,...,s}.

Denote I(x) = {j : ajx = bj,1 < j < m}. For j € 1(x), bj —ajT)E = 0, so when
ade <0, ijd <bj— ajT)E will hold for ¢ € (0, +00). For j & I(X),1 < j < m, we
have b; — ajT)E > 0. If ade <0, tade < bj - aJT)E always holds for r € (0, 400). If

T T = bj_aij ;
ajd > O,thentajd < bj—ajxholdsfort e {0, ———~+— ). For j =m+1,...,5,

ade

only when ade = 0,x +1td € C holds for t € (0, +00). So we can denote T (x) =
{d € R" : ade <0,j € I()E);a]Td =0,j =m+1,...,s}and for d € T(X), let
bj —alx
j—a;x "

Ja=1{j :ade >0,j ¢1(x),1<j<m} Thenford € T(x),ty = minjcy, T
a
J

Jg #W;and ty = +ooif Jg = 0.
Obviously 74 should be finite otherwise (1) will not hold for all & > 0. Thus when J; # @,

2
leta = /e, ¥(a) = dT(Qx +b) + /24T Qd — Ot‘—d. The inequality (1) becomes
Y(a) <0 forall o > 0. 2)

We can prove here (2) is equivalent to

Y(x) <Oforallx € R. 3)
(3) holds if and only if
A= (V2d"0d)’ —4(—5) d" (QF +b) <0, @)
It is obvious that (4) can be written as
d"Qd < M.
d

Moreover, dT (Qx +b) < 01is necessary to ensure the above inequality holding because Q
is positive semidefinite.

We recapitulate the above arguments in the following theorem and a full proof for problem
(Pyp) can be found in [6].

Theorem 2.7 Consider the problem (P). If Q is a positive semidefinite matrix, then a feasible

point X is a global solution of (P) if and only if for d € T (x) such that J; # 9, the following

two conditions hold:

2.7.1) dT(Qx +b) <0;

bj —ajx
ade

where [(X) = {j : ;T =bj, 1 < j<m} Jg={j:ajd>0j¢gIX,1=<j<m),

Tx)={d e R":adego,j € I()E);adezo,j =m+1,..., s}

T -
272) d7d < “2QIED) ) — min

>
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Example Consider following problem

max f(x) :xlz—l—x%
S.t. x;+4xy <6,x1 <2,x1,x2>0.

Here Q = 21, b = 0. There are four constrains: gj(x) = x1 +4x2 < 6, g2(x) = x1 < 2,
g3(x) = —x; < 0,and g4(x) = —x2 < 0.a; = (1,4, ap = (1,007, a3 = (—1,0)7,
as = 0,—1)T.

Forx =2, D7, 1(x) ={1,2}, T(X) ={d € R? : d +4d, < 0,d, <0}.1fd € T(%),
then d7(Qx + b) = 2Q2d; + db) = %(7011 +di + 4dy) < 0, the condition (2.7.1) holds.
Four cases arise in the process of checking the condition (2.7.2).

Case 1: dy = 0, dy < —%dl = 0.Since ald = 0 and a]d = —d,, we have J; = 0
0—alx
ald

2(d? + d2) = 242, #gi”’) = 4dy(2d) + dy) = 42, thus (2.7.2) holds.
Case 2: 2d, < d; <0.Sinceald = —d, > 0andaj d = —d> > 0, we have J; = (3,4},

- - =2 =1\_ _1 Byod—di <
Iq min ( 3[ / ) 4] / min il s 4!2 12 y d2 d] Os

di(2dy — dy) > 0,d3 + 4didy — d} = d3 + 2d1dy + d\(2d, — dy) > 0, thus
T -
d Qd = 2(d} + d3) < 4o (2dy + dy) = 2L QTED) 379 holds.

when d) = 0, and whendr, < 0, J; = {4}, 1ty =

_ _1 T _
=g d"0d =

Case 3: d| < 2dy < 0. Similar as case 2, J; = {3,4},but ¢ty = _d%' Since d| < 2dy <
dr < 0,d2(dy —dp) > 0,d} +didy — d3 = d} + dr(dy — d) > 0, we also have
T -
d" 0d = 2(d} + d3) < 2dQd; + d) = ~2LQXED) [(3.79) holds.

Case4: di <0 <dr < _%d1. Since a3Td = —d; > 0 and a4Td = —dy = 0, we obtain
Ja={3%ta= _d%-Hencedldz > _%dlz’_dz2 z _%d%’andd%+dld2_d22 =
a2 - La— k= L2 > 0. Thus d7 Qd = 2(a? + d3) < 241 2d) + dy) =
%g)”b), (2.7.2) holds.

Now for all d € T (%), the condition (2.7.1) and (2.7.2) hold, ¥ = (2, )T is the global
maximum.

In fact, xl2 +x% is a convex function and the feasible domain is a polytope. If it has an opti-
mal solution, then the optimal solution is attained at a vertex of the polytope. There are four
vertices of the polytope: xV = (2, DT, x@ = 2,007, x® = (0, 1.5)T and x® = (0, 0)7.
FaDy =5 Fx®) =4, Fx®) =225, Fx®) =0.S0xD = (2, )T = x is the global
maximum.

For x® = 2,007, 1(x@) = (2,4}, Tx®) = {d € R? : d| < 0,d» > 0}. Let

d=0, D7 eT(x®), Jy={1},dTQd =2 >0 = %‘f(z)*b)
(2.7.2) does not hold.

Forx® = (0,157, 1(x®) ={1,3},, Tx®) = {d € R? : d; > 0,d; + 4d>» < 0}. Let
d=02, DT eTx®), Iy =24}, 15 =1,d"0d =10 > 6 = —2d7 (Qx® + b), the
condition (2.7.2) does not hold.

, then the condition
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For x® = 0,0)7, 1(x®) = (3,4}, Tx®) = {d € R* : d| > 0,d» > 0}. Let

d= 00T e TaW), J; = (11,dT0d =2 > 0 = %j‘w“’)
(2.7.2) does not hold.

This example clearly indicates that the conditions in Theorem 2.7 are sufficient and nec-
essary conditions of a feasible point of problem (P) being a global optimal maximum.

Now we consider a quadratic minimization problem with a concave objective function
and box constraints.

, the condition

(Pp) min f(x) = $x7 Qx +bTx
st. L <xi<uj,i=1,...,n.

This problem can also be written as follows:
(Pp1) max —f(x) = 327 (~Q)x = bTx
st. L <xi<u;,i=1,...,n.
where Q is positive semidefinite.
Lemma 2.8 If x € R" is a feasible point of problem (Pp), then T(x) ={d € R" : d; <0

if xi = ui; di = 0if x; = l;}. Furthermore, ford # 0,d € T(x), Ja # @, and t; =

. . Ui — % . =1
min {ming, o — 7 L, ming, < l—d- t
L 1

Proof There are 2n constraints of problem (Pg): the i-th is —el'x < —1;, and the n+i-th

1
is el.Tx <uwuj,1 <i<nlIfx; =u;,thenn+i e I(x).Ifx; =1[;,theni € I(x). To the
active constraints, the following inequalities should hold if d is a vector of T (x) denoted in
Theorem 2.7: ede < 0,forn+1i € I(x); and —el.Td < 0, for i € I(x). All these mean
di <0,ifx; =u;;andd; > 0,ifx; =[;. Sohere T(x) = {d € R" : d; < 0if x; = u;;
d; > 0if x; = Z,’}.

Furthermore, letd # 0,d € T (x).If d; > 0, then x; # u;, the n+i-th constraint eiTx < u;
isinactive, n +i ¢ I(x). Since ede > (0,wehaven+i € J;. Alsoifd; < 0, we have x; # [;
and i € Jg. Thus the set J; denoted in the Theorem 2.7 is nonempty when d # 0.

Suppose d € T(x).If dj = 0, then —e/d = eld = 0,i ¢ Jgs,n+i & Jg. Thus if

. . bj—a,-T)z up —el'x U — X; .
j=n+ie€ Jg thend; # 0 and = T = ld- L If j =i e Jy, then
a; d e; d i
bj—alx I, —(—eD)i  § —1
di #0and L= = P22 = Xiliog
A ade —ede —di
T - _ -
. bj—ajx . up =X Xi—;
g = min T, = min min , MIn .
jeda ajd I<i<n |d;>0 d; di<0 —d;

The proof is completed.

Theorem 2.9 Consider problem (Pg) with Q a negative semidefinite symmetric matrix. A
feasible point X is a global minimizer of (Pg) if and only if for alld € T(x) = {d € R" :
di <0if x; =u;; di = 0if x; =1;}, the following two inequalities hold:

(29.1) dT(Qx +b) = 0;

T = P
(292) _dT Qd =< %ﬂlx—i—b), td = minlfifn,d,'#o {ul|di|ll } .
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Proof Over a polytope, a concave function attains its minimum at a vertex of the polytope.

What we need to do, is to discuss the points satisfying x; = u; orx; =[; forall 1 <i <n.

Suppose x is a vertex, by Lemma 2.8, foralld € T (x), x; = [; whend; > Oand x; = u; when

d; < 0.So0t; = minj<j<p,d;£0 {L'd_"h ] . Thus from Theorem 2.7 and the equivalence of
1

(Pp) and (Pp1), we can obtain the conclusion.

Corollary 2.10 Consider problem ( Pg) with Q a negative semidefinite symmetric matrix. If

X is a vertex satisfying

(2.10.1) =2, ()i — ;) +2(Qx + )i <0, if xi = u;i;

(2.10.2) =2 Q)i — ;) —2(Qx +b); <0, if x; =1,

then X is a global minimizer of problem (Pp).

Proof Let x be a vertex and d € T(x). If d; # 0, then 15 < “i|L;|li . Since 1,(Q) < 0, if

1
Xi = uj, (Qx +Db); < %M(Q)(Mi —1;) <0.By Lemma 2.8, d; <0, thus d; (Qx +b); > 0,

di(QfdJr Di > )\llz(lfdQ)di(”i —l) = —%An(Q)df. If ¥; = I;, by (2.10.2) and d; > 0,

we have d;(Qi + b); = 0, WOQTED - —)"‘z(tdQ)d,-(ui — 1) = —42,(Q)d2. Thus
d" (¥ +b) > 0 and
T = T
w > 2, (0) z di2 — —(min &)(de) > —dTQd.

td y#0 yTy

I<i<n
By Theorem 2.9, x is a global minimizer of problem (Pp).

Corollary 2.11 Consider problem (Pp) with Q = (q;;) a negative semidefinite symmetric
matrix. If X is a global minimizer of (Pp), then

(2111 2(QX +b); = max(—qii(ui —1;),0) if x; =1i;

(2.11.2) 2(Qx + b); <min(g;; (u; —1;),0) if xj = u;.

Proof If X; = u;, let dV = —e; € T(x). By Lemma 2.8, t,0) = u; — [;. From (2.9.1),

Moz
dV(QF+b) = —(Qi+b); > 0.From (2.9.2),d VT (—0)dD = —g;; < W -
—2(0x + b);

uij —I; .

Ifx; =1, let d® = ¢; € T(X), tyo = u; — I;. By Theorem 2.9, d?(Q% + b) =

(05 - .

(QF +b)i = 0,dPT (—Q)d® = —q; = 2L th) _ 2O H )i Thus 2.11.1)
and (2.11.2) hold and the proof is completed.

The above necessary condition and sufficient condition are obtained by the necessary and
sufficient condition directly. These conditions can also be obtained from the results in [15].
In that paper, the authors presented necessary conditions and sufficient conditions for a given
feasible point to be a global minimizer of the difference of quadratic and convex functions
subject to bounds on the variables.

3 Quadratic 0-1 programming

Now we focus our attention on the problem of quadratic 0-1 programming

(D) min f(x) =327 Qx +bTx
st xelo 1)
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Forx € {0, 1}", wedenote E(x) ={i:x;=1,i=1,...,n}, No={1,...,n}.

Theorem 3.1 Consider problem (D) with Q a negative semidefinite symmetric matrix. X €
{0, 1}, then x is a global minimizer of (D) if and only if foralld € T(x) ={d € R" : d; <0
ifi € E(x);di >0ifi € No\E(x)}, the following two inequalities hold:

(3.1.1) dT(Qx+b) > 0;

(3.12) —dTQd <2 | d ||oo dT(QX + b).

Proof Suppose 0 < x < e, by Lemma 2.8, foralli = 1,...,n,u; = 1l and [; = 0,

T(x)={deR":di <0ifx; =1;d; >0ifx; =0}.Ifd € T(X),d #0,1t3 = W
[e.¢]

Thus (3.1.1) and (3.1.2) can be obtained from Theorem?2.9 and the proof is completed.

We denote T(x) ={d € R" : d; <0ifx; =1;d; >0ifx; =0} ={d € R" : d; <0if
i € E(x);d; = 0ifi € No\E(x)} for problem (D) in this section.

Now suppose Q is a real symmetric matrix and A1 (Q) is the largest eigenvalue of Q. If
A1(Q) > 0, then the problem (D) isn’t a negative semidefinite problem. But Q — 1{(Q)/
becomes a negative semidefinite matrix. When x € {0, 1}", we have xTx =eTx.So problem
(D) can be written as following:

(D) min f(x) = $x7(Q = M(Q)Dx + (b + 311(Q)e) x
st. x e {0, 1),

which is a negative semidefinite quadratic 0-1 programming. The following result is then an
immediate consequence of Theorem 3.1.

Theorem 3.2 Consider problem (D) with Q a real symmetric matrix. Let x € {0, 1}". Then
X is a global solution of problem (D) if and only if for all d € T (x), the following two
conditions hold:

(3.2.1) dT[QF + b+ r1(0) (%e - )z)] >0

(322) —d" Qd +1(Q)IdI? = 2|d]ld” [0F +b+11(Q) (Je —D)].

Remark 1 If we choose u < —A1(Q), then Q + I will be negative semidefinite. Thus
A1(Q) in Theorem 3.2 can be replaced by .

Remark 2 As we know, A, (Q)I — Q is also a negative semidifinite matrix. But %xT(kn(Q)
I —Q0)x— b+ %A,,(Q)e)Tx = —f(x) for x € {0, 1}". So we can get similar results for
solving the problem max{%xTQx +bTx 1 x €{0, 1}").

In classical optimality theory, the first-order necessary condition is often expressed with

the help of a multiplier. Here condition (3.2.1) is a first-order condition but the vector d can
be removed from it without any dual variables.

Lemma 3.3 Consider problem (D) with Q a real symmetric matrix. Let ¥ € {0, 1}, X be
the diagonal matrix with the ith element x;, T(x) = {d € R" : d; <0ifi € E(x); d; >0 if
i € No\E(x)}. Then the following conditions are equivalent:

(3.2.1) dT[0F + b+ 11(0) (%e - x)] >0,d € T(E);

(3.23) QF+b+211(Q) (%e - x) e T(®);
(3.24) 22X — D)(QX +b) < A (Q)e.
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Proof Let p = Q% + b + 11(Q) (%e - x). (3.2.3) means for i € E(X), p; < 0; and for
i € No\E(x), pi = 0.So (3.2.1) can be gotten from (3.2.3). If (3.2.1) holds while (3.2.3)
doesn’t hold, suppose iy € E(x), p;, > 0,letd = —e;, then dT p < 0 will contradict with
(3.2.1). So (3.2.3) always holds when (3.2.1) holds.

Sincei € E(x) © x; =1 & 2x; —1 = l;andi € Np\E(x) & x; = 0 &
2%; — 1 = —1, then (3.2.3) is equivalent to (2x; — 1)p; < 0,Vi = 1,...,n. That is
QX — D[QF +b+11(0) (%e - x)] < 0. Furthermore, when ¥ € {0, 1}, X — I)> = I.
Thus

(2X - 1) (Q)E +b+211(0) (%e _ x))
= QX — D(QF + b+ $11(Q)(I = 2K)e)
= (2X = D)(QF +b) — 311 (Qe < 0.

Condition (3.2.4) is gotten and the proof is completed.

In [2], the authors obtained a sufficient global optimality condition for the problem
min {%xT Ox +bTx :x e {1, 1}”].The condition was expressed as [SC]: XOXe+Xb <

An(Q)e. Similarly, for the problem (D): min{%xTQx +bTx :x €{0,1}"},if x € {0, 1}"
and

[SC] 202X = D(QX +b) < n(Q)e

holds, then x is a global solution of (D). By Lemma 3.3, we notice that there is some
relations between [SC] and Theorem 3.2 in a hidden form. If we weaken [SC] to (3.2.4),
complemented with (3.2.2), the sufficient global optimality condition given by A.Beck and
M.Teboulle becomes a necessary and sufficient global optimality condition for quadratic 0-1
problems.

Furthermore, A.Beck and M.Teboulle also gave a necessary condition for min{ %xT Ox+
bTx :x € {—1,1}"}. Thatis [NC]: X QXe+ Xb < Diag(Q)e, where Diag(Q) denotes the
diagonal matrix with entries g;;. With the help of this result, Theorem 3.2 can be modified
as follows:

Theorem 3.4 Consider problem (D) with Q a real symmetric matrix. Let x € {0, 1}"". Then
X is a global solution of problem (D) if and only if the following two conditions hold:
(3.4.1) 22X — I)(Qx + b) < Diag(Q)e;

(322) ~d"Qd + (@I = 2| dllowd” [ 0F +b+71(0) (he — F) |, deT®.

Proof For areal matrix Q, fori = 1,...,n, 11(Q) = maxHynzlyT Oy > eiT Qe; = qg;i. If
(3.4.1) holds, then we have 22X — I)(Qx +b) < Diag(Q)e < A{(Q)e. Thus when (3.4.1)
and (3.2.2) hold, the conditions in Theorem 3.2 are satisfied and x is a global solution of (D).
Conversely, If x is a global minimum of (D), then Vz € {0, 1}, g(¥) < ¢(z). Let
z=2z1:=1=2XDe;+%=(1—X1,%,....%) €{0,1}", ey =(1,0,...,0)7, then from
(1-2x)%=1,
g(@) = 15" 07 + 073

<q() = %((1 —2xper + 57 0((1 = 2x et + %) + b7 ((1 = 2%))ey + X)

= % ((1 =252l Qer +2(1 — 2%))el Qx + X7 Q%) + (1 — 251)bTe; + bT'%

= q@) + Yef Qer + (1 = 28)e] Qi + (1 - 25 ey
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Since elT Qe1 = q11, the inequality reduces to 2(2x; — 1)(Qx + ble < qi1. Fori =
1,...,n,wecanget 2(2x; — 1)(Qx + b)Te; < qii similarly. So (3.4.1) holds and the proof
is completed.

The condition (3.4.1) is only a necessary condition. This is illustrated by the following
example.

-2 3 5
Example Consider the problem (D) with Q = 3 -8 —1},andb = (2,3, -1T.
5 -1 9
The global solution is x = (1,0, 07, 21(0) = 109343, Ay = —2.2102, 13 = —9.7241.
Fory = (0,1,0)7,2Q2Y — I)(Qy + b) = (=2, —10,4)T < Diag(Q)e < A1(Q)e. So all
the first-order conditions are satisfied. But y isn’t a global solution since (3.2.2) doesn’t hold
if weletd = (2.5, —3,0.1)7.
Next theorem shows that in the case where Q is a diagonal matrix, (3.4.1) becomes nec-
essary and sufficient for global optimality. For related results, see [15].

Theorem 3.5 Consider problem (D) with Q = (qii) a diagonal matrix. Let x € {0, 1}*. Then
x is a global solution of problem (D) if and only if (3.4.1) holds, i.e. 22X — 1) (Qx+Db) < Qe.

Proof Forx € {0, 1}",d € T(x),denote ||d||oc = |dkl, gss = maxi<i<n(qii),thenr;(Q) =
gss- Suppose 2(2X — I)(Qx + b) < Qe holds. If x; = 1, thend; < 0 and 2(Qx + b); <
qii» 2ldi|di (Q% + b)i > |dildiqii > |dildiqii = —d?q;i. If 5 = 0, then d; > 0 and
—2(Q% + b); < qii, 2ldild;(Q% + b); = —|d|diqii = —|d;|d;qii = —d?qj;. Thus
2/|d||ood” (Q% + b) = 2|di|d" (O +b) = D 2ldi|d;i(Q% +b); = —d" Qd. (5)
1<i<n
dA

Furthermore, if ¥, = 0, then d; > 0, d; (% —xi) =% 15 = 1 thend; < 0,
il

a (4 —&) == 9. S0 247 (3¢ = %) = Zicicy Vil

1
2lldloor1(Q)d" (E‘f‘f) = ldilgss D ldil = gss D d} = M(QIdIP. (6)

I<i<n I<izn

By (5) and (6), we obtain

1
2/ld|lood” (QF + b) + 2[|dl|oor1(Q)d" (Ee - i) > —d" Qd +11(Q)|ld||>.

So when Q is a diagonal matrix, (3.2.2) will hold if (3.4.1) holds. The result can be obtained
by Theorem 3.4 and the proof is completed.

Now we establish some global necessary conditions as corollaries of Theorem 3.2.

Corollary 3.6 Consider problem (D) with Q = (q;;) a real symmetric matrix. If X € {0, 1}"
is a global minimum of problem (D) and q = (q11, - - - » q,m)T, then

(3.6.1) (%e —x) e T(X),

3.6.2) 2(Ox+b)+ U — 2):()q e T(x),

(3.63) 2(Qx+b)+ U —-2X)x € T(x), foralla € R", o > gq,

(3.6.4) 2(0x +Db) + 1 (Q)(e —2x) € T(x).
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Proof For x € {0, 1}", (3.6.1) holds obviously. If x is a global minimum of problem (D), by
(3.4.1),22x; — 1)(Qx +b); — qii <Oholdsforall 1 <i <n.Ifi € E(x), x; = 1, then
2(Qx +b)i —qii <0.Ifi € Ng\E(x), x; = 0, then 2(Qx + b); + qi; > 0. Thus (3.6.2)

holds. Since o; > gji, —a; < —qii, (3.6.3) also holds. (3.6.4) will hold if we set o = A1(Q)e
in (3.6.3). That completes the proof.

These vectors are special elements of 7 (x). They can be used to check the conditions in
Theorem 3.2. The necessary conditions presented in next theorem are some results expressed
in a simple way.

Theorem 3.7 Consider problem (D) with Q = (g;j) a real symmetric matrix. Suppose
a € R a>qg=(qi1s--..qum)T. Ifx € {0, 1} is a global minimum of problem (D), then
we have

(3.7.1) 2(e —2%)"(QX +b) +nr1(Q) = 0,

(3.7.2) (e —2x)T(Qe +2b) > 0,

(3.73) 211 +bIP + (Q +5) (I —2X)(hi(Q)e + ) + $11(Q)g7e = 0,

(3.7.4) 2/[QF + bII? + (0% +5) (I = 2X) (G (Q)e + ) + 331 (Q)a’e > 0.
Proof If x € {0, 1}" is a global minimum of problem (D), from (%e — )E) € T(x) and
(3.2.1),
T T
(3e—%) [(%+b)+21(0) (Je—5)] = (Je— %) (0F+b) + fnri(0) 2 0.
So the condition (3.7.1) holds. From condition (3.2.2), we have
T T
—(3e-5) o(Je—7) +m(@ife -1 < [(%e —%) (QF+b)+ %nxl(@]
T
(%e—i) [(Q)E+b)+ 0 (%e—i)] >0
(e —2x)T(Qe +2b) > 0.
(3.7.2) holds. Furthermore, by (3.6.2) and (3.2.1),
[2(0% +b) + (I —2X)q]" [(Q)E )+ 11(0Q) (%e - x)]
=2/|Q% + bII* + 11 (Q)(QF + b)T (e — 27)
+q7( = 2X)(Q% +b) + $11(Q)q" (I = 2X)(e — 23)
=2/|10% +bI1> + (Q% +b) (I = 2X)(11(Q)e +q) + 221(Q)g" e = 0.

(3.7.3) holds. (3.7.4) can be proved similarly. Thus we get the necessary conditions expressed
in the theorem and the proof is completed.

4 Minimization of half-products

In this section, we consider half-products, a special subclass of quadratic pseudo-Boolean
functions, defined by multilinear polynomial expressions of the following form

n
h(x) = Z aibjxixj — ZC,’X,’,
l<i<j<n i=1
where a = (a1, ...,a,)T, b= (b1,....,b)T andc = (ci, ..., cy)T are non-negative inte-

ger vectors. Pseudo-Boolean functions appearing in polynomial representation play a major
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role in optimization models in a variety of areas. It can be shown that the minimization of
half-products is NP-hard.

0 by by ... by
0 0 by ..., by
Denote A = diag(a), B = , and H=AB+ BTA,
00 0 ... b
00 0 ... 0

then H is a symmetric matrix and the problem of minimization of half-products can be
expressed as follows:

(HPP) min h(x) = Ax"Hx—c"x
st xef0, 1)

The results in section three can be applied to problem (HPP). Since the necessary con-
ditions can be checked easily and actually implemented, here we present some necessary
conditions especially. By (3.2.1), (3.7.1) (3.7.2) (3.7.3) and Diag(H) = O, it is easy to
obtain the next theorem.

Theorem 4.1 If x is a global minimizer of (HPP), then
(4.1.1) QX —I)(H%—c¢)<0;

(4.12) 2(e —25)T(Hx —¢) +nr (H) > 0;

(4.1.3) (e—25)T(He —2¢) > 0;

4.14) 2||Hx —c|> + M(H)(Hx — ¢)T (e — 2%) > 0.

To give a more detailed overview of all these results, we deliver following theorem.

Theorem 4.2 [f x is a global minimizer of (HPP), B = Be, then
4.2.1) aTg—cT(e—2%) > 0;

422) ADTB+Bx)Ta<a—cT(e—2x);

4.2.3) al (Bx)+ BT (Ax) — 4(AX)T(Bx) > (e — 2x)Tc — %AI(H);
(4.24) 4(ADT(BX) +2(e —20)"c <a’ B+ Fhi(H).

Proof 1If x € {0, 1}" is a global minimum of problem (HPP), by (4.1.3),

(e —2xX)THe = e" (ABe + BT Ae) — 25T (ABe + BT Ae)
=aT’B+8Ta—-2(Ax)T8 —2(Bx) a
=2a"B —2(Ax)TB —2(Bx) a
> 2¢T (e — 2%).
Sincea = Ae > 0,8 = Be > 0, x € {0, 1}, then
0< AN+ B Ta<alB—cT(e—2%).
(4.2.1) and (4.2.2) hold. Also, by (4.1.2),
(e —2x)THx = " (ABx + BT Ax) — 25T (ABx + BT A%)
=aTBx + BT Ax — 2(Ax)T (Bx) — 2(Bx)T (A%)
=aTBx + BT Ax — 4(Ax)T (Bx)
> cl(e — 2x) — %M(H).
Thus we obtain (4.2.3). Furthermore, by (4.2.2) and (4.2.3), (4.2.4) can be obtained imme-
diately.
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Since for ¥ € {0, 1}, (HX); = b; 2°1<;;(a;X;) +ai 2 j<,(bjX}), some corollaries
can be drawn from (4.1.1) and (4.1.2).

Corollary 4.3 If x is a global minimizer of (HPP), then for 1 <i < n,
bi D (@i +ai D b <. if &=L

1<j<i i<j<n
bi Y (ajE) +ai Yy (bix)) =ci, if % =0.
1<j<i i<j<n

Corollary 4.4 If x is a global minimizer of (HPP), then

Z (—2a;bj) + Z aiijZZCi—ZZCi—nkl(H).

i<j,)f,'=)fj=l i<j,)?,'7&)?_/‘ )E,':O )?,':l

Proof (e —2x)T¢ = D 5=0Ci — 25— Ci- By (4.1.2),

(e—20) Hi= > (2(1 —25)%biaj + D (1 — 2xi)x_,aibj)

I<i<n *j<i Jj>i

2 Z —b,'aj + Z b,‘aj + Z —a,'bj

1<i<n j<ivfi=ij=l j<i,)?[=0,)'cj=1 j>i,f[:)?j:1

+ Z aib_/

j>i%=0,%;=1

= Z Z —Ll,'bj + Z aibj + Z —aibj

1<i<n i<j,£,-=)2j=1 l'<j,ij=0,i,'=] i<j,i,-=i,-=1

+ z clibj

i<j,X,':0,Xj =1

D (R2abp+ D aibj =2 ¢ =2 i —nhi(H).

i<j,i,-=;2j=1 l'<j,ii#ij )E,‘=0 )E,'=1

The proof is completed.

5 Further results of quadratic 0-1 programming

In many quadratic integer programming problems, if the dimensions of the matrixes are
quite big, both the speed and the accuracy of calculation will be influenced by the size of the
problems. In this section, we try to reduce the dimensions expressed in our global optimal-
ity conditions. We will give some necessary global optimality conditions of quadratic 0-1
programming problems which may be used easier than those in last section.

First, forx € {0, 1}, E(x) ={i : x; = 1,i = 1,...,n},let m = |E(x)|. We denote a
sub-matrix Q of Q and a sub-vector b of b as follows: if and only if i, j € E(x), g;; and b;
can be remained in Q and b in original order. Then we consider the following problem:

(D) min q(x) = %xTQx +bTx
s.t.  x € {0, 1}".
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We obtain a theorem as follows:

Theorem 5.1 If x is a global solution of problem (D), then e™ =(1,1,....,)T € R™ is
a global solution of the problem (D).

Proof Suppose the k1, ko, . .., k;, elements of X are 1, and the other elements of x are 0. For
all x € {0, 1}, let y € {0, 1}", of which yy, = x;,i =1, ..., m, and the other elements of
y are 0. Then we have §(x) = g(y) > g(X) = G(e™). So ¢ is the global minimum of
problem (D).

In Theorem 5.1, it is clear that m < n. If m = n, then e is the global solution of problem
(D). If m < n, the dimensions in global optimality conditions of problem (D) can be reduced
from n to m by checking whether ¢ is the global solution of problem (D). For the case e
being a global solution, although we can use the results expressed in last section directly, it
is interesting to get some further results which may be used easier.

Theorem 5.2 Consider the problem (D) with Q a real symmetric matrix. Then e is the global
minimum of (D) if and only if 0 is the global solution of the following problem

(Do) min xT Qpx
s.t. x € {0, 1}",

where Q():(qi(]o)) isann x n matrix. Fori,j = 1,...,n,ifi # ], qi(](')) = gqij; ifi = J,
0
ay = aqi — 26 =231, qij.

Proof Letu = —%(Qe + b). The elements of the vector u is u; = —%(27:] qij + bi),
i=1,...,n. Let U = diag(u) be the diagonal n x n matrix with ith diagonal element u;.
Then the diagonal elements of Q + 4U are ¢q;; — Z(Z’jl-zl gij + bi) = qi(lQ)’
Thus Q +4U = Q.

Fory € {0, 1}, Vi = 1,...,n,yl~2 =y;,ande — y € {0, 1}".

Y Qoy =y1(Q+4U)y = yT Qy + 431 u;iy?
=yT0y+43" juiyi =y" 0y +4yTu
=70y + 4" (—$)(Qe +b) = y" 0y — 237 Qe — 2y"b.

i=1,...,n.

So we have
gle—y) —q(e) = Se =00 —y) + (e~ y)Tb— 1" Qe —eTb
=—yT Qe+ 1yT 0y —»7b
= 1yTQoy.
If e is the global minimum of (D), then for all y € {0, 1}, g(e — y) — ¢g(e) > 0, which
means yT Qoy > 0. Conversely, if 0 is the global minimum of problem (Do), then for all

y € {0, 1}, yT Qoy > 0 implies g(e — y) > g(e). Thus we know e is the global minimum
of problem (D) because y is arbitrary in {0, 1}". That completes the proof.

Corollary 5.3 Under the hypotheses posed in Theorem 5.2, if Qq is positive semidefinite on
R" (Qo = 0), or all the elements of Qo, qi(jo) >0 (Qo > 0), then e is the global minimum of
problem (D).

The proof is simple. We also can say “0 is the global solution of problem (Dg)” means
“Qo is positive semidefinite on {0, 1}"”. But Q¢ may not be positive semidefinite on R" even
if e is a strict global minimum of problem (D).
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Example Let Q = (_25 —26)’ e is the only one global minimum of ¢(x) = x” Qx on
{0, 1}"". But the matrix Qg = ( ; ;) is indefinite because its eigenvalues are A = 3% V17
and Ay = 3% ‘17.

We use the symbols Q, b and e™ the same as in Theorem 5.1. Similarly, if Q = (Gij)mxm>
then Qg denotes an m x m matrix (q,.(j‘.”). Fori,j=1,...,m,ifi # j, qjj(.’) = gij;ifi = j,
éi(,p ) = qii — 2b; — Z?=1 (gij + qji). Then we have some necessary conditions.

Theorem 5.4 Consider the problem (D) with Q a real symmetric matrix. If X is a global
solution of (D) then the following inequalities hold:

(5.4.1) 11(Qo) > 00r Q = —2diag(b),

(54.2) ™7 Qpe™ >0,

(543) Qe™ +b < IDiag(9)e™,

(5.44) mr(Q) — 2T (Qe™ + b) > 0.

Proof If X is a global minimum of (D), by Theorem 5.1, e" is the global solution of
min{%xT Ox +b:x e R". According to (3.4.1), (5.4.3) holds. Condition (5.4.4) can be
gotten from (3.7.1) directly.

Moreover, based on theorems in this section, if x is a global minimum of (D), then
0 is the global minimum of min {x” Qox : x € {0, 1}""}. Thus from the condition (3.7.1),
mi1(Qo) > 0. If A1(Qg) = 0, then Qp is negative semidefinite. So xT Qox < 0 for all
x € R™. But 0 is the global minimum of min {xT Qox : x € {0, 1}’”}, xT Qox > 0 for all

x € {0, 1}, thus we must have x” Qgx = Oforallx € {0, 1}". Vi, j =1,...,m,letx = ¢;
and x = ¢; + e;, we can get g’ = 0and g}’ =0.S0 Qo = 0.1fi # j, G\ = Gij = 0.If
i = j,éi(io) = g;; —2b; — Z?=1(éij +gji) =0.S0g; = —2bj; and Q = —2diag(b). Thus

(5.4.1) will hold when x is a global minimum of (D). Ag_ain from (3.7.2), we can get (5.4.2)
immediately since 0 is the global minimum of min{x” Qox : x € {0, 1}"*}. That completes
the proof.

All the conditions in Theorem 5.4 are expressed in a simple way without the vector d. The
condition (5.4.2) and (5.4.3) need not calculate the eigenvalues. That will be convenient to
use. Let’s review the example in Sect. 3.

-2 3 5
Example Consider the problem (D) with Q = 3 -8 —1|,andb = (-2,3,-D7T.
5 -1 9

The global solution is ¥ = (1,0, 0)7. For x( = (1,1,0), 0 = (_32 _38) b= (-2,3)T.

Qo = ((3) _314), e’ Ope = —8 < 0. Thus x( is not a global solution. Also we know

(5.4.2) does not hold for x® = (0, 1, 1)” and neither (5.4.3) does for x® = (1,0, 1)” and

x® =1,1, DT, Forx® = (0,0, DT, 0 =9 and b = —1. So 1 is not the global solution

of g(x) = %xz — x. So most feasible points in this problem, except y = (0, 1, O)T, would

be taken away from the set of the global minima in a simple way.
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